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SINGULAR PERTURBATIONS OF ABSTRACT WAVE 

EQUATIONS 

ANDREA P0SILICAN0 

Abstract. Given, on the Hilbert space Ho, the self-adjoint oper- 
ator B and the skew-adjoint operators C\ and C2, we consider, on 
the Hilbert space Ti ~ D(B) © 7io, the skew-adjoint operator 

" c 2 r 

-B 2 d 



W 



corresponding to the abstract wave equation (f> — (Ci + C^)^ = 
— (B 2 + CiCy^- Given then an auxiliary Hilbert space f) and 
a linear map r : D(B 2 ) — > f) with a kernel /C dense in 7io, we 
explicitly construct skew-adjoint operators We on a Hilbert space 
Kb ^ Wo © f) which coincide with W on A/" ~ JC © D{B). 

The extension parameter ranges over the set of positive, bounded 
and injective self-adjoint operators on f). 

In the case Ci = C2 = our construction allows a natural 
definition of negative (strongly) singular perturbations Aq of A := 
—B 2 such that the diagram 



W 



A 



A e 



is commutative. 



X 



1. Introduction 

Given a negative and injective self-adjoint operator A = —B 2 on the 
Hilbert space TLq with scalar product (-,-)o and corresponding norm 
|| • || , we consider the abstract wave equation 

<j> = A(j>. 

The Cauchy problem for such an equation is well-posed and 

<f>(t) := cos tB 0o + B' 1 sin tB O 

is the (weak) solution with initial data </>o G D(B) and </>o G 7Y. More 
precisely, using a block matrix operator notation, 

cos tB B^siatB' 
-B sin tB cos t-B 
1 
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defines a strongly continuous group of evolution on the Hilbert space 
Hi 0) Ho, where Hi denotes D(B) endowed with the scalar product 
giving rise to the graph norm. It preserves the energy 

mti -.= 1 (u\\i+\\m\l 

and, in the case the Hilbert space Ho is real, constitutes a group of 
canonical transformations with respect to the standard symplectic form 

^((01, 0l), (02, 02)) := (01, 02)o - (02, 0l)o • 

Its generator is given by 
l" 



W 



-B 2 



D(B 2 ) © D(B) C Hi © Ho -> Hi © H 



it is the Hamiltonian vector field corresponding, via Q, to the Hamil- 
tonian function S. 

From the point of view of Hamiltonian systems (with infinite degrees 
of freedom) a more suitable phase space is given by the space of finite 
energy states, i.e. the maximal domain of definition of the energy 8. 
This set is given by D(£) = Hi® Ho where Hi denotes the Hilbert 
space obtained by completing D(B) endowed with the scalar product 

[</>!, <h]l ■= Wl,502>O. 

By our injectivity hypothesis ^ a pp (A), but G a(A)\a pp (A) is not 
excluded (e.g. when A = A and Ho = L 2 (M. d )). Thus in general Hi is 
not contained into Ho. 

It is then possible to define a new operator W which is proven to be 
skew-adjoint on the Hilbert space D(S). Such an operator is nothing 

o 

but the closure of W, now viewed as an operator on the larger space 
D{£). By Stone's theorem W generates a strongly continuous group U l 
of unitary operators which preserves the energy, which now coincides 
with the norm of the ambient space. 

Consider now a self-adjoint operator A ^ A which is a singular 
perturbation of A, i.e the set /C := {0 G D(A) n D(A) : A<p = Acp] is 
dense in Hq (see e.g. pj). Since /C is closed with respect to the graph 
norm on D(A), the linear operator Ajc, obtained by restricting A to the 
set )C, is a densely defined closed symmetric operator. Therefore the 
study of singular perturbations of A is brought back to the study of self- 
adjoint extensions of the symmetric operators obtained by restricting 
A to some dense, closed with respect to the graph norm, set. We 
refer to j2] and its huge list of references for the vast literature on the 
subject. However here we found more convenient to use the approach 
introduced in [TT] . 
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In the case the singular perturbation A is negative and injective, 
we are interested in describing W, the analog of W relative to A. A 
natural question is: 

1. Is W a singular perturbation of W? 

Here a skew-adjoint operator W on D(£) D D(£) is said to be a singular 
perturbation of the skew- adjoint operator W on D(£) if the set M : = 
{(0,0) E D(W) n £>(W") : W(0,0) = W^(0,0)} is dense in D{£). 
In the case the answer to question 1 is affirmative, two other natural 
questions arise: 

2. Is it possible to construct such singular perturbations W without 
knowing A in advance? 

3. Is it possible to recover the singular perturbation A of A from the 
singular perturbation W of W? In other words, is the following diagram 
commutative? 

W ► W 



A > A 

Let us remark that in the case A is a strongly singular perturbation 
of A, i.e. when the form domains of A and A are different, the spaces 
D(£) and D(£) are different, so that W and XV are defined on different 
Hilbert spaces. Indeed we will answer question 2 above by looking for 
singular perturbations with D{£) ~ D{£)@ (D{A)/K). This results to 
be the right ansatz to give affirmative answers to questions 1 and 3. 

The framework described above can be extended by considering gen- 
eralized abstract wave equations of the kind 

— (Ci + C 2 )0 = (A - CiC 2 )(f> , 

with both C\ and C 2 skew-adjoint operators such that A — C\C 2 is 
negative and injective. The corresponding block matrix operator is 

o 

W g = 

o 

Then W g is closable, with closure W g , as an operator on the Hilbert 
space D(£ c ), the completion of Hi © H with respect to the scalar 
product 

((01, 0l), (02, <P2))£ C ■= (Bc<Pl, B C (f) 2 )o + (01, 02)o , 

where 

B c := (-A + dCif 2 . 



C 2 1 

-B 2 d 



D(B 2 ) ® D(B) C Hi © H -> Hi © H 



o • 
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Also for these generalized abstract wave equations we are able to con- 
struct singular perturbations W g of the skew-adjoint operator W g which 
reduce to the previous ones in the case C\ — Ci — 0. Such singular 
perturbation, together with their resolvents, are defined in a relatively 
explicit way in terms of the original operators B, C\ and Ci. 
The contents of the single sections are the following: 

- Section 2. We review, with some variants and additions with respect 
to [7] , P3] and [H] (and references therein) the theory of abstract wave 
equations. Here we are in particular interested (see Theorem 2.5) in 
computing the resolvent of W, the skew-adjoint operator corresponding 
to the abstract wave equation cf) = —B 2 <ft, in terms of the resolvent of 
B 2 . For such a scope the scale of Hilbert spaces Hk '■= {(p E Hi '■ 
B<f> G D(B k - x )}, k > 1, is used. 

- Section 3. Given a continuous linear map r : Hi — > f), f) an auxiliary 
Hilbert space, such that, denoting by r* : f) — > H-i the adjoint of the 
restriction of r to D(B 2 ), one has Ran(r*) flW-i = (we are thus con- 
sidering strongly singular perturbations of B 2 ), we construct, mimiking 
the approch developed in jTTj, skew-adjoint operators W which coin- 
cide with W on Ker(r) ®Hi. As already mentioned, due to our hy- 
pothesis on t*, the Ws will be defined on a Hilbert space larger than 
Hi © Ho, indeed it will a space of the kind Hi © Ho © f). Thus our 
strategy is the following: for any positive, bounded and injective self- 
adjoint operator 6 on (}, at first we trivially extend W to Hi Q)TCo © f)e 
(here f)e is the Hilbert space obtained from f) by considering the scalar 
product induced by 9) by defining W(<fi,<fi,(,) := (W(<p, 0), 0), which 
is obviously still skew-adjoint. Then we consider the skew-symmetric 
operator obtained by restricting W to the kernel of the map re, where 
re(0, 4>i C) := T 4> ~ @C To such a skew-symmetric operator, which 
depends on 9, we apply the procedure given in [TT], thus obtaining a 
family of skew-adjoint extensions parametrized by self-adjoint opera- 
tors on f}. Selecting from such a family the extension corresponding 
to the parametrizing operator zero, we obtain a skew-adjoint operator 
Wq which by construction coincides with W on the kernel of tq (see 
Theorem 3.4). Under the additional hypothesis that both the Hilbert 
spaces Ho and Hi are contained in a common vector space (this is 
usually true in the case B is a (pseudo-) differential operator by con- 
sidering some space of distributions), one can then define a suitable 
Hilbert space JCi D Hi and a skew-adjoint operator Wq on fCi © Ho 
such that Wq coincides with W on the set Ker(r) © Hi (see Theorem 
3.6). By our hyphoteses such a set is dense in Hi © Ho and thus Wq 
is a singular perturbation of W. 
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The skew-adjoint operator Wq permits then to define — Aq, an in- 
jective and positive self-adjoint operator on 7i which results to be a 
singular perturbation of —A = B 2 . The resolvent and the quadratic 
form of Aq are also esplicitely given. Regarding the quadratic form 
a variation on the Birman-Krem-Vishik theory (see jSj and references 
therein) is obtained. Conversely, the skew-adjoint operator correspond- 
ing to the abstract wave equation <fi = Aq<P results to be nothing but 
Wq (there results are summarized in Theorem 3.7). Thus we gave 
affirmative answers to questions 1-3 above. 

- Section 4- We construct singular perturbations of the kind obtained 
in Section 3 for the skew-adjoint operator W g corresponding now to 
the abstract wave equation (ft — {C\ + C 2 )4> = — (B 2 + CiC 2 )(fi. Here 
we put on the skew-adjoint operators C\ and C 2 conditions which 
ensure that B 2 + C\C 2 is self-adjoint, positive and injective. Defin- 
ing B c := (B 2 + CiC 2 ) 1/2 , C := Ci + C 2 , this case is studied by 
extending the procedure of Section 3 to the abstract wave equation 
<f) — C(p = —B^(j) (see Theorem 4.7). The analogues of Theorems 3.4 
and 3.6 corresponding to the this more general situation are Therems 
4.8 and 4.11. Here an hypothesis concerning both C\, C 2 and a suitable 
extension f of the map r must be introduced. Such hypothesis is surely 
verified when G\ and C 2 are bounded operator, whereas its validity in 
the unbounded case is more subtle, as Example 3 in Section 5 shows. 

- Section 5. We give some examples. In Example 1 we define skew- 
adjoint operators Wq, an Hermitean injective and positive matrix on 
C n , corresponding to wave equations on star-like graphs with n open 
ends by defining singular perturbations of the skew-adjoint operator 
W(0i, • • • , (f> n , ipi, ■ ■ ■ , ipn) •= C0i, • • • , VV» 0i, • • • , 0n)> where the 0's are 
defined on the half-line (0, oo) and satisfy zero Dirichlet boundary con- 
ditions at the origin. The corresponding (according to Theorem 3.7) 
negative self-adjoint operator Aq is of the class of Laplacians on a star- 
like graphs (see [H] and references therein). By a similar construction, 
considering also second derivative operators on compact intervals, one 
could define wave equations on more complicated graphs. 

In Example 2 we consider the case in which 7Yo is the space of square 
integrable functions on R 3 , B = (-A) 1 / 2 , d = C 2 = 0, f) = C n and 
T (f) = (<f)(yi), <f>[y n )), where Y = {y u . . . , y n ] is a given discrete 
subset of M 3 . This gives a singular perturbations of the free wave 
equations by n Dirac masses placed at points yi, ■ ■ ■ ,y n , in the sense 
that the extensions constructed give a rigorous definition and provide 
existence of the dynamics for wave equations of the kind 
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where C<£ = (Cl> " ' ' ; C2) * s related to the value of the continous part 0o 
of cf) at the points in Y by the boundary conditions 



Such wave equations were introduced (by different methods) and an- 
alyzed, when n — 1, in The corresponding singular perturbation 
of the Laplacian, obtained according to Theorem 3.7 is of the class on 
point perturbation of the Laplacian (see |TJ and references therein). 
The above situation can be generalized by taking as r the evaluation 
map along a d-set (i.e. a rf-dimensional Lipschitz submanifold if d is an 
integer or a self-similar fractal in the noninteger case), with and pro- 
ceeding similarly to the examples appearing in JI]- JHj, thus obtaining 
perturbations of the free wave equation supported on null sets. Here 
the extension paramenter is a self-adjoint operator on some fractional 
order Sobolev space on the d-set. 

A wave equation of the kind <fi = A0 + Aire M^8q was used to give a 
rigorous description of classical and quantum electrodynamic in dipole 
(or linear) approximation and without ultraviolet cut-off (see ^U] and 
j^]). Here <fi is M 3 -valued and plays the role of the electromagnetic 
potential in the Coulomb gauge (thus div <fi = 0), M is the projector 
onto the divergenceless fields and e is the electric charge (the velocity 
of light being set to be equal to one). In this case one must modify the 
above boundary condition (here Y = {0}), considering the (no more 
linear but affine) one given by 



where p is an arbitrary vector in IR 3 and m is the mass of the particle. 
In this framework e M 3 can be identified with the particle velocity 
v , so that the particle dynamics is given by the evolution of the field 
singularity. With this identification the above boundary condition is 
nothing else that the usual (linearized and regularized) relation between 
velocity and momentum (represented by the vector p) in the presence 
on an electromagnetic field, i.e. p = mv + e</>o(0). 

This approach suggests that the study of singular perturbations of 
the wave equation <fi = A0 can produce an useful framework for a 
rigorous treatment of classical electrodynamics of point particles and 
for quantum electrodynamics in the ultraviolet limit. Indeed this was 
the original motivation of the paper. In order to remove the limitation 
given by the dipole approximation assumed in jTU] and [5], one is lead 
to study the singular perturbations, supported at the origin, of the 




l<j<n 



0o(O) = (* + ~P, 



e e 



SINGULAR PERTURBATIONS OF ABSTRACT WAVE EQUATIONS 7 

wave equation 

= V • V0 + 1p 

tp = v ■ Vip + A(j) , 

were v is a given vector in M 3 with < I. This is suggested by starting 
with the Maxwell-Lorentz system, by re-writing it in a reference frame 
co-moving with the particle and then by performing the reduction al- 
lowed by the conservation of the total (particle + field) momentum. 
We refer to the digression given at the end of Section 5 for a more 
detailed discussion. Thus in the successive example in Section 5 (Ex- 
ample 3), we modify the situation considered in Example 2 (in the case 
Y = {0}) by taking C\ = C 2 = v ■ V, with v G M 3 , \v\ < 1. In this case 
the regular part 0o of 0's in the proper operator domain is no more 
continuous (when v ^ 0) and the elavuation map of Example 2 has to 
be extended to f , where f <p is defined by the limit R j of the average 
{4>o)r °f 0o over the sphere of radius R. It is here proven the such a 
limit exists for the functions in the operator domain of the extensions. 
This produces a rigorous definition and existence of the dynamics for 
the wave equation 

= V ■ V0 + 1p 

j, = v ■ W + A0 + QS , 

where now the £^,'s are related to the regular part O of the 0's by the 
boundary condition 

Once the proper domain of definition for the fields and ip is deter- 
mined by this linear analysis, a nonlinear operator, candidate to de- 
scribe the classical electrodynamics of a point particle, can be obtained 
by considering the nonlinear wave equation 

= V ■ V0 + 1p 

ijj = v . V^> + A0 + 47re Mv5 , 

where v, again representing the particle velocity, is no more a given 
vector but is related to the regular parts O and ip of the fields and 
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if> by the nonlinear boundary condition 

I Tfl V i 

(0o) __ Wo ,v« = -- 7 _ + -n. 

The (conserved) total momentum II of the particle-field system is de- 
fined, in terms of the particle momentum p, by II := p — (if), V0). 
Thus the above boundary condition corresponds to the (regularized) 
velocity-momentum relation for a (relativistic) particle in the presence 
of an electromagnetic field, i.e. p = , mv + e (4>q). Again we refer to 

the digression at the end of Section 5 for more details. 
- Appendix. We give a compact rewiev of the approach to singular 
perturbations of self-adjoint operators developed in |TT] adapted to 
our present (skew-adjoint) situation. In particular, with reference to 
the notations in jllj . we make here a particular choice of the operator T 
which correspond, in the case treated in Section 3 here, to a weakly sin- 
gular perturbation. Thus a strongly singular perturbation A of A gives 
rise to a weakly singular perturbation W of W. This could be used 
to study the scattering theory for strongly singular perturbations of 
A in terms of weakly singular perturbations. Indeed, by Birman-Kato 
invariance principle, the Moller operators Q±(W, W) and Q±(A, A) are 
unitarily equivalent. As regard the parametrizing operator, as we al- 
ready said above, we pick up here, in the family of skew-adjoint exten- 
sions given by the general scheme in [IT], the extension corresponding 
to the zero operator. 

2. ABSTRACT WAVE EQUATIONS 

Let B : D(B) C 7i — > 7i be a self-adjoint operator on the Hilbert 
space TLq such that Ker(£>) = {0}. Let us denote by Hk, k > 0, 
the scale of Hilbert spaces given by the domain of B h with the scalar 
product (•, -)k leading to the graph norm, i.e. 

(<h,<h)k'= (B k (j> 1 ,B k 4> 2 ) Q + ( ( f }l ,4> 2 ) Q . 

Here (•, -)o denotes the scalar product in TLq. We will use the symbol 
|| • || o to indicate the corresponding norm. 

We then define the Hilbert space 7Yi by completing the pre-Hilbert 
space D(B) endowed with the scalar product 

We define B 6 B(7i 1 ,7i ) as the closed bounded extension of the 
densely defined linear operator 

B :Hi CHi 
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Here and below by B(X, Y) we mean the space of bounded, everywhere 
defined, linear operators on the Banach space X to the Banach space 
Y; for brevity we put B(X) = B(X,X). 
Since B is self-adjoint one has 

Ran(B) 1 - = Ker(B) , 

so that, B being injective, Ran(S) is dense in 7i - Therefore we can 
define G B(Ho, Hi) as the closed bounded extension of the densely 
defined linear operator 

B- 1 : Ran(5) C H -> H x . 

One can then verify that B is boundedly invertible with inverse given 

by b '. 

Given B we introduce the scale of spaces Hk, k > 1, defined by 
W fc := {0G Wi : B<t>eH k -i} . 

Obviously Hfc C 
Lemma 2.1. 

Hk = Hk + Hk+i ■ 
Proof. The thesis follow from 

H 2k =b-\b + ^r 1 ^- 1 ) + l)- 1 ^) , 
H 2k =(B 2 + i)-\B 2 ^ + i)-\n ), 

H 2k +i =B~ 1 (B 2k + l) _1 (7i ) , 
H 2fc+ i=(5 + 0- 1 ( J B 2fc + l)- 1 (H ), 
and from the identities 

B- 1 = (B + i)- 1 + iB~ 1 (B + i)- 1 , 
B-\B + i)- 1 = (B 2 + I)' 1 - iB-\B 2 + I)" 1 . 

□ 

Lemma 2.2. The set H k endowed with the scalar product 

[(f>i,fo]k ■= (B(f)i,B(f)2)k-i 

is a Hilbert space. 

Proof. Let (f> n , n > 1, be a Cauchy sequence in 'Hk- Then cf> n , n > 1, is 
Cauchy in TL 1 and B<f> n , n > 1, is Cauchy in H k ~ 1 . Thus — > £0 
and B k ~ 1 B(f) n — >■ *0 in 7Y - Since i?^" 1 is closed, £0 e 'Hjt-i, hence 
G W fc , and i\) = B^B^. □ 
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Remark 2.3. The previous lemma shows that Hk could be alternatively 
defined as the completion of pre-Hilbert space D(B k ) endowed with the 
scalar product 

[<f>i,fo]k := (-B0i,S0 2 )fe-i • 
Thus Hk is dense in H k . 

We now define 

A:H 2 ^H , A:=-BB. 

Remark 2.4. By the previous remark A e B(H 2 ,Ho) could be alterna- 
tively defined as the closed bounded extension of the densely defined 
linear operator A := — B 2 : H 2 Q H 2 — > Ho- 

We put, for any real A ^ 0, 

i2o(A) := (B 2 + A 2 )- 1 , Ro(X) e B(H , H 2 ) 

and then define Rq{X) G B^i,?^) as the closed bounded extension of 

Ro(X) : Hi C H± ^ H3 . 

The linear operator -R (A) satisfies the relations 

(2.1) -AR (X) + X 2 R«(X) = l ni , 



(2.2) -R (X)A + X 2 R (X) = l fL2 , 

On the Hilbert space Hi © Ho with scalar product given by 

(( (0 1; Vl), (02, ^) )) := (50!, 502)0 + (^1, ^2)0 • 

we define the linear operator 

W : H 2 © H x C © 7Y -> Tii © H , W{<j>, V) := (V>, • 

Theorem 2.5. The linear operator W is skew-adjoint and its resolvent 
is given by 

(-W + A)-!(0, V) = (Ai? o (A)0 + i? (A)V, -0 + A 2 i? o (A)0 + Ai? (A)^) • 

Proof. The skew-symmetry of W immediately follows from the defini- 
tion of the scalar product ((■, ■)). The fact that (— W + A) -1 as defined 
above is the inverse of — W + A is a matter of algebraic computations 
given the definition of Rq(X), Ro(X) and (2.1), (2.2). The proof is then 
concluded by recalling that W is skew-adjoint (equivalently iW is self- 
adjoint) if and only if it is skew-symmetric and Ran(Vy ± A) = H\®Hq 
for some real A 7^ 0. □ 
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Remark 2.6. Note that H 2 ®TCi = Ran(— W + A) -1 gives a decompo- 
sition compatible with the one given by lemma 1.1, i.e. H 2 = H 2 + ^3 
and H 1 = H 1 +H 2 + H 3 . 

Remark 2.7. Note that the norm on H 2 induced by the graph norm 
of W coincides with the one given by the scalar product [•, -]2- Hence 
the domain of W is the direct sum of the Hilbert spaces H 2 and H\ as 
written above. 

3. Singular perturbations of abstract wave equations 

On the Hilbert space f) with scalar product (■,■)() and norm || • ||f,, 
we consider a bounded, positive and injective self-adjoint operator 0. 
Then we denote by f)e the Hilbert space given by f) endowed with the 
scalar product 

(Ci,C2>e:=<eCi,C2>*- 
The corresponding norm will be indicated by || ■ ||e. 

By Theorem 2.5, on Hilbert space Hi ®Hq © f)e with scalar product 

(( (0!, Vi, G), (02, ^2, C2) »e := Wi, 50 2 ) o + (^1, ^2)0 + (G, C 2 )e , 
the linear operator 

W : H 2 © U x © J)e C H x © H © fj e -> Wi © ^0 © be , 
W^,C):=(WftM),0) 

is skew-adjoint and 

(3.1) + A) _1 (0, -^,C) = ((-W + A)" 1 ^,^), A^C) . 

Given r e B(7Y 2 , f)), we define r e e B(H 2 © 7i © f)e, f)) by 

r e : ^ 2 ©^o©f)e -> f), r e (0,^,C) :=r0-0C. 

The action of r satisfies A.l (see the appendix). Now we suppose that 

it also satisfies A. 2, i.e. we suppose 

H3.0) 

Ran(re) = f) . 

Of course H3.0 holds true if r itself is surjective. Another possibility is 

vcef), ||ec|| 6 > elicit 00, 

which is equivalent to Ran(O) = f). 

Now we define G(X) E B(H , f)) and G(X) E B(f), W ) by 

G(X) :=tR (\), G(\) :=G(\y. 
We also define G(X) E B(H U fj) and (5(A) G B(f), Wi) by 
G(A) := tR (X) , (7(A) := (7(A)* . 
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Obviously G(X) = G(X) on H x . 
Lemma 3.1. 

Ran(G(A)) C Ran (5) and (5(A) = B~ 1 B~ 1 G(X) G B(f),W 2 ) . 

Proof. By the definitions of (5(A) and G(A) one has, for any £ G and 
for any r/> G Hi, 

(BiJ>, BG(X)()o = (G(A)V, Of, = G(A)C)o • 

Being B self-adjoint with domain Hi, the above relation shows that 
BG(\)( G Hi, hence G{\)( G W 2 , 

fifiG(A) = G(X) , 
\\BG(X)(\\l + \\BBG(X)(\\l = \\BG(X)(\\l + ||G(A)C||g - 

□ 

Defining G©(A) G B(Hi ®H ® f) , &) by 
(3.2) 

G e (A)(0, V, C) := r e (-W + A)- x (0, V, C) = AG(A)0 + G(A)V - A^GC 
and G e (X) G B(f), Hi®H ® f)©) by 

(3.3) G e (A)C := - G e (-A)*C = (AG(A)C, - G(A)C, -A^C) , 

one has that, by the previous lemma, Gq(X) G B(f), 7-^2 © Ho © f)e). 
Thus A. 4 is satisfied, 

(3.4) T e (A) := - r e G e (A) = -XtG(X) - ~ 9 

(3.5) =-Arfi- 1 fi- 1 G(A)-^0 

A 

is well-defined and Te(A) G B(f)). Let us now show that A. 5 is satisfied: 
Lemma 3.2. 

r e (A)* = -r e (-A) . 

Proof. By [TT] . Lemma 2.1, 

(A 2 - e 2 ) i? (e) G(X) = G(e) - G(X) . 

Since Ran(G(A)) C Ran(B), -Ro( e ) G(X) strongly converges in B(f),7i 2 ), 
as e | 0, to B~ l B^G^X) when B 2 R (e) strongly converges to the 
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identity operator on Ho- Since B 2 is injective this follows proceeding 
as in [12] . Section 3. Therefore one has that 

r e (A) =s- lim -\ (0 + r(G(e) - G{\))) 
40 A 



=s-hm-i (0 + (A 2 -e 2 )G( e )G(A) 
-s- lim -i f 6 + (A 2 - e 2 ) G(X)G(e) 

40 A V 



The proof is the concluded by observing that r(G(e)) — G(A)) is sym- 
metric (see [II], Lemma 2.2. Also see ^2], Lemma 3). □ 

Remark 3.3. By the same methods used in the above proof (i.e. using 
the fact that Ran(G(A)) C Ran(£?)), all the results contained in jT2] 
can be extended to the case in which r G B(7Y2, §), thus allowing for 
the treatment of singular perturbations of convolution operators also 
in lower dimensions (in ^2] the examples were given in M. d with d > 4). 

Denote by H—k, k > 0, the completion of 7io with respect to the 
scalar product 

2 >_* := {{B 2k + l)- 1 ' 2 ^ {B 2k + l)- 1 /2 02 ) o . 

Of course C ft_ (fc+1) . Since r G B{H 2 , f)) we define r* G B(fj,ft_ 2 ) 
by 



((jB 4 + i)-VVC, (5 4 + l) 1/2 0)o = (C, , C € f) , G W 



2 



Now we suppose that 
H3.1) 

Ran(r*)nH_i = {0} . 
This, using the definition of G(X), is equivalent to 

Ran(G(A)) n«i = {0} , 

so that A. 3 is satisfied, i.e. 

Ran(C7 e (A)) n D(W) = {0} . 

By Theorem 6.2 we can define a skew-adjoint extension of the skew- 
symmetric operator given by the restriction of W to the dense set 

A/e:={(<^,C)e^2©tti©f)e : r<f) = Q(] : 

Theorem 3.4. Suppose that H3.0 and H3.1 /toid true. Let 

D(Wq) := {(0o,^,C0) eWi©W ©f)e : </>o e H 2 , 
V> = i) X + G(A)C^ , ^G^i, C^ef), 0C<^ = r(f> } . 
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Then 

W e ■ D(W e ) C Hi © H © f)e -> Wi © © f)e , 

WsOo^C/,) := Oo, ^0o, C/>) » 
zs a skew-adjoint extension of the restriction ofW to the dense set He . 
Here i[) e Hi, defined by 

:=il>x-\ 2 B- 1 B- 1 G(\)<;i,, 

does not depend on A. The resolvent of We is given by 

(-We + A)" 1 = (-W + A)" 1 + Ge(A)r e (A)- 1 G e (A) , 

where the bounded linear operators (— W+X)^ 1 , G'e(A), Ge(A) 7 re(A) -1 
have been defined in (3.1)-(3.4) respectively. 

Proof By Theorem 6.4 we known that (-W+X)- 1 +Ge(X)r e (X)- 1 Ge(X) 
is the resolvent of a skew-adjoint extension We of the restriction of W 
to the dense set Me- Therefore ((f>o,i),C<i>) £ D(Wq) if and only if 

O =0 A + AG(A)r e (A)- 1 (r0 A - 0Ca) , 0a e n 2 , 

ij=ij x - G(A)r e (A)- 1 (r0 A - 0Ca) , ^e«i, 

C0=CA-^r e (A)- 1 (r0 A -0C A ), CaGI). 

Let us now show that D(Wq) = D(Wq). 

Since Ran(G(A)) C H2, so that 0o £ W2, and 

Te{(-W + A)- 1 + G©(A)r e (A)- 1 G'e(A)) 

= G e (\) - r e (A)r e (A)- 1 G'e(A) = 0, 

so that T0 O = @C/» we have D(Wq) C Z?(We). Let us now prove the 
reverse inclusion. Given ((fojV'jC^) e i^(We) let us define 

A :=0 o + AG(A)g, 



Ca :— C - ^ C/> • 



Then 

T0 O = r0 A 

implies 



ArG(A) g = ec = (ca + j C^j 



i.e. 



C^ = -r e (A)- 1 (r0 A -0C A ) 
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Thus D(W e ) C D(W&). Now we have 

Wq((/) , IP, Q =W((j) Xj 1p X , Ca) + A(0 O - 0A, V> - ^A, C/> - Ca) 

= (^ A - A 2 G(A) A0 A + AG(A)C^, C^) 
= (^o,*a-AG(A)^),^) 

= (^ , A0 o ,C^) 
=jy e (0 O ,^,C/>) • 

-00 does not depend on A since the definition of Wq is A-independent. 

□ 

Let us now suppose that 
H3.2) both Ho and Hi are contained in a given vector space V. 
Thus we can define 

G:f)->y, G := G(A) + A 2 G(A) . 
Lemma 3.5. The definition of G is X-independent. Moreover 

Ran(C7) nWi = {0} . 
Proof. By first resolvent identity one has (see [TT], Lemma 2.1) 

(A 2 - fx 2 ) RoQi) G(X) = G(jjl) - G(X) , 

i.e. 

A 2 G(A) - /i 2 C7(/i) = B 2 (G(fi) - G(X)) . 
This implies, by Lemma 3.1, 

G(X) + A 2 G(A) = G{ji) + /i 2 G(//) . 

Suppose there exists ( G f) such that 

G(A)C + A 2 G(A)C = <f>eHi. 

Then G(A)C G Hi and so, by H3.1, C7(A)C = 0. By Lemma 3.1 C7(A)C = 
and the proof is done. □ 

By the previous lemma the following spaces are well-defined: 

£a:={0GV : = O + G^, foe Hi, C^Gl)} , 

£ 2 :={0GV : = o + GC/>, 0oG7i 2 , C</> G [)} , 
/Ci := /Ci n Ho • 

Moreover the map 

U : Hi © Ho © f)e -> £1 © Ho , Wo, C«) := (0o + GC , V) 
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is injective and surjective and thus is unitary once we make ICi a Hilbert 
space by defining the scalar product 

Thus we can state the following: 

Theorem 3.6. Suppose that H3.0, H3.f and H3. 2 hold true. Then the 
linear operator 

W e : D{W e ) C K x © H -> £1 © H , 

jD (^ ) = {(0,^)e£ 2 ©/C 1 : 0^ = r0 o }, 

W e (0,^) := UWqU*^) = (if>,A<f>o). 
is skew-adjoint. It coincides with 

W : H 2 © Hi C Hi © H -> Hi © Ho , ^(0, V>) = ^0) 
on £/ie dense set 

D(^)n J D(iy e ) = {^^2 : r0 = O}©Hi. 
Once we obtained Wq we can define the linear operator A@ on Ho 

by 

£>(A G ) := {0 G £ 2 H H : 9^ = T0 O } , 
A e : -D(A ) C H -> H , A e := iW /i0 = A0 O , 

where 

P 2 :£i©Ho^H P 2 (<f>,il>):=il>, 

and 

/1 : £ 2 n Ho -> £ 2 © £1 , Ji0 := (0, 0) . 
We have the following 

Theorem 3.7. 1. A® is a negative and injective self-adjoint operator 
which coincides with A on the set Ker(r). Its resolvent is given by 

(-A e + A 2 )- 1 = R (X) + G(A)(0 + WB' 1 B- 1 G{\))- 1 G{\) . 
The positive quadratic form Q e corresponding to —A e is 

Qe ■■ ICi C Ho - R , Q (0) = Wollo + IIC0II© • 

2. The skew-adjoint operator corresponding to the abstract wave equa- 
tion (j) = Aq<P is the skew-adjoint operator Wq defined in the previous 
theorem. 
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Proof. 1. Let us define 

Re(X) := i? (A) + G(A)(-Ar e (A))- 1 G'(A) . 
By the proof of Lemma 3.2 and ^Tj, Lemma 2.1, 

- Ar e (A) - (-//r e (/i)) 

=s-lim (A 2 - e 2 ) C7(A)G(e) - (/x 2 - e 2 ) G(ji)G(e) 

=r(G( / i)-G(A)) = (A 2 - / , 2 )G(/i)G(A). 

We already know that —Are (A) is boundedly invertible and, by (3.5) 
and Lemma 3.2, (— ALe(A))* = — AFe(A). Therefore, by [TT], Proposi- 
tion 2.1, R®(\) is the resolvent of a self-adjoint operator A®, coinciding 
with A on Ker(r), defined by 

D(A®) := {0 G H : = 0a + G(A)(-Ar e (A))- 1 r</» A } 

(-i e + A 2 )0:= (-A + A 2 )0 A . 

One then proves that A® = A® proceeding exactly as in the proof of 
[12J, Theorem 5. 

Since A is injective, A®(p = implies 0o = and thus = 0, i.e. 

= 0. 

By the proof of Lemma 3.1 one has 

( J B0o,5G(A)C)o=(G(A)0o,C)^ 

and, by (2.2), 

(550 o , G(\)Qo + A 2 [0 O , G(X)Qi = (r<f> 0} Qt, ■ 

Thus, using the definition of G and the two different decompositions 
of G D(A®) given by 

= 0o + GC = A + G(A)C* , 

one obtains 

(-A e 0, 0) o = (-A<f> , A )o + (-A<f> , G(X)Q 
= (50 o , 50 A ) O + (5500, G(A)C^) 

= (50o, 50 o )o + A 2 (50 o , 5G(A)C^)o - A 2 (50 o , 5G(A)g,>o + (r0 o , 
= (50 o , 50 o )o + ((<t>, Q)e ■ 

Thus A® is negative. Since /Ci is obviously complete with respect to 
the norm 

II0IIL := \\BMl +WC41 + UWI 

the closed and positive quadratic form Q® is the one associated to 
-A®. 
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2. Since the completion of /Ci with respect to the scalar product 

[</>,<p]i := (B(f) ,B(p ) + (C^,C v )e 
is fZi and the completion of D(Aq) with respect to the scalar product 

[0, <p] 2 := (50o, Bp ) + (C , ( v )e + (Afo, ^>o) 

is {0 G X^2 : ©C/> = r 0o}, one has that A®(fi = A(p for any in such a 
set and the proof is done. □ 

4. Singular perturbations of generalized abstract wave 

equations 

In this section we look for singular perturbations of operators of the 
kind 

W g (</>,ij>) := (C 2 + V,CV0 + A0). 
Let us begin with the simpler case in which 

W g (<j>,(p) := ((p,C(p + Aij>), 

where 

C : l~ti C 7^o — > 7^o 
is a skew- adjoint operator such that: 
H4.1) 

V e 7Yi , ||C0|| o <c II^Ho; 

H4.2) 

C(W 2 ) C Wi and V0 G 7^2 , 5C0 = CB0 . 
Lemma 4.1. //H4.1 andRA.2 hold true then 
B 2 — AC + A 2 : 7Y 2 C T^o ~ 

zs invertible for all A 7^ 0, 

5(A) := (5 2 - AC + A 2 )" 1 G B(W , W2) • 

ano? 

V0 G 7^1 , ||5(5 2 + A 2 )5(A)0|| O < c ||50|| o . 
Proof. By our hypotheses one has 

V0 G 7i 2 , ||5C0|| O = ||C50|| O < c ||5 2 0|| o . 
Thus, by induction, 

V k > 1 , V0 G 74+i , ||5 fe C0|| o < c ||5 fe+1 0Ho , 
and C(Hk+i) Q Ti-k for any k > 1. By 

V G 7*3 , 5 2 C0 = 5C50 = C5 2 
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one gets 

V^eWi, i?o(A)C0 = CRo{\)<f), 

so that CRo(X) is skew-adjoint. Thus 1 — \CRo(\) is boundedly in- 
vertible for all A 7^ and 

R(X) = (1 - XCRoWr'RoiX) = R (X){1 - XCRo(X))- 1 . 

This gives 

||(B 2 + A 2 )i?(A)0|| o = ||(1 - ACit: (A))-V||o 
<||(l-AL7i? o (A)r1 Wo , Wo ||0llo 

and 

\\B(B 2 + A 2 )i?(A)0|| o = \\B(1 - ACi2o(A))-V||o 
= ||(1 - ACi? o (A))- 1 50||o < ||(1 - AC J R (A))- 1 || W o ! Woll^||o • 

□ 

Let C G B(7Yi,7Y ) be the closed bounded extension of operator 

C : 7i,i C Hi — ■> Ho • 

It exists by H4.1. Let R(X) e B(Hi,H 3 ) the closed bounded extension 
of 

i?(A) : Ti\ Q TLi — > TL3 . 

It exists by Lemma 4.1. For such an extension the following relations 
hold true: 

(_i _ AC)^(A) + A 2 i?(A) = I*, , 

R(X)(-A-XC) + X 2 R(X) = l n2 . 
Proceeding as in theorem 2.5 one obtains the following 

Theorem 4.2. Under hypotheses H4.1 and H4.2 £/ie linear operator 

W g : H 2 x Hi C Hi © Ho -> Hi © Ho , W fl (0, := (</?, CV + , 

skew-adjoint and its resolvent is given by 

(-w g + xy\<p^) 

={\R{\)<t> + R(X)(- C<f> + </?), -0 + A 2 i?(A)0 + XR{X){- C<j) + </?)) . 

Remark 4.3. We used the notation H 2 x Hi for Z?(W) since, when C 7^ 
0, the scalar product inducing the graph norm on D(W g ) is different 
from the one of H 2 © Hi- 
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By the previous theorem 

W g : H 2 x Hi x f)e C Hi © H © fje -»• Wi © Wo © f)e , 
1^(0,^,0 :=(W fl (^),0) 

is skew-adjoint and (-Wg + A) _1 (0. V?, C) = + </?), A _1 C). 

Now we consider a sequence Jj, : Ho — > 7Yo, 27 > 0, of self-adjoint 
operators such that 

1. 

Jjy G B(7Y fc , Hk+i) , A;>0; 

2. 

V G Wi ^50 = 5 7^0 J„C0 = C J^0 ; 

3. 

V0Gft o , 1^11^0-0110 = 0. 

Such sequence J v can be obtained by considering, for example, the 
family (z/5 2 + but other choices are possible (see Example 3 in 
the next section). We remark that the successive construction will 
depend on the choice we make for such a family. 

Denoting by J v G B(Hk,Hk+i), k > 1, the closed bounded extension 
of J v and given r G B(7Y 2 , 1)) we define the bounded linear map 

r„ := r Jj, : H\ — > f) , 

and 

-^K^) := {0 G 7ii : lim r„0 exists in f)} , 
f : 5(f) C Hi -> f> , r0 := lim ^0 . 

f J.0 

Note that for all G 7Y 2 , by 3, 

lim ||55^0-0)||2 + ||5^0-0)||2 

= lim 11^550-550)112+11^50-50112 = 0, , 

f J.0 

so that H.2 Q D(f) and f = r on 7i 2 . 
Defining then 

r e : 5(f) x 7Y x f) -> f) , r©(0, V, C) := ^0 - ©C 

we have that r© satisfies A.l and A. 2. 

Now we define G(X) G B(H , f)) and G(A) G B(f), W ) by 

G(A) := r5(A) , G(A) := G(-A)* . 
We also define G(X) G B(H 1} fj) and (5(A) G B(f), Wi) by 
G(A) := r5(A) , G(A) := G(-A)* . 
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Obviously (5(A) = G(X) on Tl 1 . As in the previous section one has the 
following 

Lemma 4.4. 

Ran(G(A)) C Ran(5) and (5(A) = B~ 1 B~ 1 G(X) . 
Ran ((5(A)) C H 2 and (5(A) G B(f), W 2 ) • 
Now we define G e (X) G B(Wi © H © f)e, b) by 

(4.1) G e (A)(0, y?, C) := r e (-W + A) _1 (0, C) 

(4.2) =XG{X)<f) + G(X)(-C(f) + V ) - A _1 6C 
and G e (A) G B(h, Hi © H © be) by 

(4.3) Ge ( A )C:=-G e (-A)*C 

(4.4) =(AG(A)C + C*G(X)(, - G(A)£ -A^C) . 
Regarding the adjoint of C one has the following 
Lemma 4.5. 

C* = -B^CB' 1 . 
Proof. Since C commutes with B, for any <fi in Hi one has 

cirV = £ _1 C0, 

and thus for any <p and ^ in Hi one has 

[-B^CB-^^l = -(CB-^B^o 
= - (B^C&B^o = -<C0,V>o = (0,C^)o- 

□ 

Let us now consider the bounded linear map 

r„,e(A) := -r v B-\-C + X)B- 1 G(X) 

A 

We have the following 
Lemma 4.6. 

r„, e (A)* = -r„, e (-A) . 

Proof. At first let us observe that, being CR (e) skew-adjoint (see the 
proof of Lemma 4.1), one has 

Ve>0, \\(l±eCR (e))- 1 \\ Ho>no <l. 
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Thus, using H4.1, functional calculus and dominated convergence the- 
orem, 

lim ||((1 ± eCRoU))- 1 - 1UII 2 < lim ||eCi? (eH" 2 

40 elO 



<c 2 lim ||ei?-Ro(e)0|| 2 = lim / dfxJx) 
40 40 J R 



ex 



x 2 + e 2 



0. 



Since 



B 2 R{±t) = B 2 R (e)(l ± eCRo(e))- 1 , 
and B 2 R (e) strongly converges to when e J. (see the proof of 
Lemma 3.2), one has that 

B-Um B 2 R(±e) = l Ha ■ 

This implies (proceeding as in the proof of Lemma 4.1) that R(e)G(X) 
strongly converges in B(f),7Y2) to B~ 1 B~ 1 G(X) when e j 0. Therefore 

r,,e(A) 

= s-lim ~ (6 + XrJ-C + A ± e) (B 2 t tC + eV 1 G(X)) , 

40 A V ' 

and the proof is concluded by showing that 

{r v C{B 2 -eC + e 2 )- 1 G{X)Y 
= -r u C(B 2 + eC + e 2 )- 1 G(-\). 
Proceeding as in [IT], Lemma 2.1, by first resolvent identity one obtains 
(-C + X + e) (B 2 -eC + e 2 )' 1 G(X) 
_ G{e) - G(X) 

x~^7 

=(-C + A + e) (B 2 - XC + A 2 )" 1 G{e) , 

so that 

(B 2 -eC + e 2 )- 1 G(X) = (B 2 - XC + A 2 )" 1 G(e) . 
Therefore we need to show that 

[t v C (B 2 - XC + A 2 )" 1 G(e))* 
= -r v C(B 2 + eC + e 2 )- 1 G(-X). 
Since C, B and J v commute, we have 

(t„ C (B 2 -XC + A 2 )- 1 G(e))* = (G(A) C J v G(e))* 
=G(e)*{C J U )*G{\)* = -G(-e) C J u G{-X) 
= -r v C(B 2 + eC + e 2 )- 1 G(-X) 
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and the proof is done. □ 

Now we suppose that 
H4.3) 

Ran(C*G(A)) = Ran(CG(A)) C D(f) . 

Note that H4.3 is always verified if C G 6(7^2,^2), but such a hy- 
pothesis can hold true also in situations where C is unbounded (see 
Example 3 in the next section). Then, by the uniform boundedness 
principle fC*G(X) G B(h), so that A.4 is satisfied, 

(4.5) r©(A) := - TeC7 e (A) = -XrB^B^GiX) - fC*G{X) -\q 

A 

(4.6) =-fB-\-C + X)B- 1 G{X) - \<S) 

X 

is well-defined and T e (A) G B(f)). By H4.3 one has 

r (A) = s-limI\, (A) , 

so that the previous lemma implies 

r e (A)* = -r e (-A). 

Thus A. 5 is satisfied. Suppose now that H3.1 holds true. Then, since 
j R(A)= j Ro(A)(1-Al7 j R (A))- 1 , 

one has 

Ran(G(A)) nWi = {0} , 
so that A. 3 is satisfied. In conclusion, by Theorem 6.2 we can de- 
fine a skew-adjoint extension of the skew-symmetric operator given by 
restricting W to the dense set 

A/e := C) e n 2 xHiXte ■ r0 = 6C} : 

Theorem 4.7. Suppose that H3.0, H3.1, H4.1, H4.2 and H4.3 hold 
true. Let 

D(W e ) 

:={(&>, ¥>o,C*) eWi©H ©f)e : fo = ( f>x + B- 1 CB- 1 G(X)( (p , 
ifo = (fx + G(A)Cp , (f>\eH 2 , v?a g 7ii , e f) , ©C/> = ^>o } • 

T/ien 

Vy : D(W e ) C © 7i © f)e -> Wi © 7i © f)e , 
VM0o, <A), C<^) := (v?a - XB-\-C + A) J B- 1 G(A)C^, CV> A + A<f)\, Q 
is a skew-adjoint extension of the restriction of 

W g : H 2 x Hi x fj e C 7^ © 7i © f) e -> Hi © 7i © f)e , 
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to the dense set Me- The resolvent of We is given by 

(-W e + A)- 1 = {-W g + A)- 1 + Ge(A)r e (A)~ 1 G'e(A) , 

where the linear operators (-W + A) _1 ; G'e(A), Ge(A), Te(A) ; have 
been defined in Theorem 4.2, (4.2), (4.4) and (4.6) respectively. 

Proof. By Theorem 6.4 we known that (-W / 9 +A)- 1 +Ge(A)r (A)~ 1 G'e(A) 
is the resolvent of a skew- adjoint extension We of the restriction of W g 
to the dense set Af e - Therefore (0 O , <£, (<p) G D(Wq) if and only if 

O = A + (AB^fT 1 + (7*) G(A)r e (A)- 1 (r0 A - 0(a) , 

^=^A-G(A)r (A)- 1 (r0 A -0CA), 

C0=CA-^r e (A)- 1 (r0 A -ecA), 

where 

0a G ^2 , y?A G 7Yi , Ca G f) . 

Let us now show that D(We) = D(We). 
Since Ran(G(A)) C H 2 , so that 

A + A J B- 1 J B- 1 G(A)r e (A)- 1 (r0A - 6(a) G ^ 2 , 

and 

re((-^ 5 + A)" 1 + G e (A)r e (A)- 1 G e (A)) 
= Ge(A)-r e (A)r (A)- 1 G'e(A) = O, 

so that t0 o = 0^, we have D(W e ) Q D(We). Let us now prove the 
reverse inclusion. Given (0 O , (fio, G D{We) let us define 

A := 0a + AG(A)C^ , Ca := C<t> ~ jC v ■ 



Then 



f O = T0 A - ArG(A)^ - fC*G(\)( (p = = (^a + \ C^j 



implies 



i.e. 



t0a - ©Ca = (\tG(X) + fC*G(X) + i c v , 



C^ = -r e (A)- 1 (r0 A -ecA). 
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Thus D(W e ) C D(W e ). Now we have 

We(0o, i>, (<j>) = W g (<i>x, (fx, Ca) + A(0 O - 0a, V - <P\, C<t> - Ca) 
=(y? A - A 2 G(A)C^ - \C*G{\)C<p, C<p x + A0 A + AG(A)C, C v ) 
=(y? A - A 2 G(A)^ - \C*G(\)C V , CV a + A(0 A + \G{\)Q + AG(A)C„, Q 
=(y? A - XiXB-'B- 1 - B- l CB- l )G{\)C^ C> A + Acf>x, Q 
=(y? A - \B-\-C + X)B' 1 G(X)( ip , Gp x + A(f) x , Q 

=W e ((j)o^X<p) ■ 

□ 

Let us now consider two skew-adjoint operators 

Ci : Hi C 7i — > , C 2 : Hi C H ^ Hq , 

such that 
H4.1.1) 

V<f>eHi, lld^Ho < ci ||S0|| O , ||C 2 0|| O < c 2 ||S0|| O , c lC2 < 1 
H4.2.1) 

Ci(H 2 )CHi, C 2 {H 2 )QHi. 

and 

\/(peH 2 , CiC 2 <f) = C 2 Ci<f) , BCi<p = CiB<p , BC 2 (f) = C 2 B(f) . 

Then by the Kato-Rellich theorem 

—Ac '■= B 2 + CiC 2 : H 2 C 7io - ► 

is self-adjoint, positive and injective. Let Be be the self-adjoint, pos- 
itive and injective operator defined by B c :— (—A c ) 1 ^ 2 . Since, by 
H4.2.1, 

(l-c lC2 )||S0|| < \\B C (t>\\ <(l + c lC2 )||S0||, 
the domain of Be coincides with the space Hi, the domain of B. More- 
over, since B and Be commutes, 

(1 - CiC 2 ) k \\B k <t>\\ < \\B k c <t>\\ < (1 + CiC 2 ) k \\B k <t>\\ , 

thus the Hilbert spaces generated by B c coincide, as Banach spaces 
(in the sense that each space has an equivalent norm), with the ones 
generated by B, i.e. coincide with Hk, Hk, and H~k, k > 1. 

Let A c := -B C B C G B(H 2 ,H ), where B c G B(Wi,W ) is the 
closed bounded extension of 5c : Hi C 7ii — > 7io- We know that Ac 
coincides with the closed bounded extension of A c : 7i 2 C H 2 — > 7i - 
Since C 2 commutes with £?, by H4.2.1 we have 

llBC^IIo^CapVllo- 
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Thus we can define C 2 G B(Hi,Tio) fl B(H 2 , Hi) as the closed bounded 
extension of C 2 : "Hi C 7ii — > 7i and 

A c = A - d(7 2 . 

Since C := Ci + C 2 and B c := V^ 2 + CiC 2 satisfy H4.1 and H4.2, by 
Theorem 4.2 we have that 

W g : H 2 x Hi C H t ®H ^ H t ® H 

W g ((f>, if) := (<p, (d + C 2 )y? + (A — dC 2 )^) 
is skew-adjoint once we put on Hi © Ho the scalar product 

(( <Pi), (02, <P2) )) := (-Bc0i, 5 c 2 )o + (y?i, ^2)0 • 
Let us define the Hilbert space (He, {(■, -))c) by He — Hi x 7i , 

:={B c <i>i, B C (f) 2 ) + (ipi + C 2 <j>u 4>2 + C 2 (j) 2 )o 
= {B<Pi, B(f) 2 ) + (C 2 (j)i,^ 2 ) + (V>i, C 2 <fa)o + (fa, ip 2 )o 
+ ((C 2 -Ci)cf>i,C 2( f> 2 ) , 

where C\ G B{Hi,Hq) denotes the closed bounded extension of 

Ci : Hi C Hi — > 7^o • 

Then the map 

S:Hi®H ^H c , S(<j>, ¥>) := (0, V? - C 2 <f>) 
is unitary and the linear operator 

SW g S* :H 2 xHiQH c ^H c 

SW g S*(<j>,,f>) = SW g (<j>,il> + C 2 <j>) 
=S(C 2 <j) + ip, (Ci + C 2 )(i/j + C 2 <j)) + (A — CiC 2 )(t>) 
=S(C 2 <j) + ^, (Ci + C 2 )i) + (A + C 2 C 2 )<t>) 
=(0 2 <j) + V>, (Ci + C 2 )i) + (A + C 2 £ 2 )0 - £2(^0 + V)) 
=((720 + ^,^ + ^0) 
is skew-adjoint. 

Let us now define, on the Hilbert space He © f)e with scalar product 

(( (0!, Vi, Ci), (0i, ^2, C2) »c,e := (( (0i, V>i), (0i, th) ))c + (Ci, C 2 )e , 
the skew-adjoint operator 

W g : H 2 x Hi x f) C H c © fj e -> H c © fj e , 
W^(0, V, C) := (^20 + V, W + A0, 0) . 
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Let 

G C (X) := t(B 2 + (-d + X)(-C 2 + A))- 1 , G C (X) := G c (-\y , 

and suppose 
H4.3.1) 

Ran{C*G c {X)) C L>(f) 

where now 

(7* = -B^}CjB c x , j = 1, 2 , 
Then by the previous theorem we obtain the following 

Theorem 4.8. Suppose H3.0, H3.1, H4.1.1, H4.2.1 and H4.3.1 hold 
true. Then the linear operator 

W @ : D(W @ ) CK c ®f)9-H c efe, 

D(W e ) := {(Mo,Q ^ixHoxfe: 
0o = 0a + ^(Ci + L7 2 ) J B C 1 G C (A)C V , , 

= + (1 - C 2 Bc X (C x + C 2 )Bc X )G c (\)U , 
<P\eH 2 , ipxeHu ^ e & , ec* = r0 o } , 

:= (^ 2 0a + V^a - A5 c 1 (-(l7 1 + C7 2 ) + A) J B c 1 G c (A)Cv„ 

C^a + Mx + Al7 2j B c 1 (-(l7 1 + C 2 ) + A) J B c 1 G c (A)a, Cv) 
«5 a skew-adjoint extension of the restriction of 

W g (4>, C) := (l7 2 + ^, + A0, 0) . 
to the dense set Mq. 

Let us now suppose that H3.2 holds true. Then we can define 

G c : b - V , G c := G C (A) + A^ 1 (-(C 1 + C 2 ) + A)i?^ 1 G c (A) . 

Lemma 4.9. TTie definition of Gc is X-independent. Moreover 

Ran(G c ) nWi = {0} . 

Proof. Let C = Ci + C 2 . Proceeding as in ^Tj, Lemma 2.1, by first 
resolvent identity one obtains 

(A - fj) (-C + A + /i) (B 2 C -fiC + fi 2 )- 1 Gc(X) = G c <ji) - G C (X) , 
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i.e. 



(1 + pBc\-C + ^Bc 1 ) ((A - fj) (-C + A + /x)) x 
x (B* - /xC + /x 2 )- 1 G C (A) 
=B^((A - fj) (-C + A + /i))5 c 1 G' c (A) 
=(1 + pBc\~C + Z^c') (GoM - G c {\)) . 
This implies 

G c {\) + AB^-C + A) J B C 1 G C (A) 
=G c {n) + ^B c \-C + ^B^GcifJ.) . 
Suppose there exists ( E \) such that 

Gc(X)( + \Bc\-C + A) J B- 1 G C (A)C = (/>eH 1 . 
Then Gc;(A)C G Hi and so, by H3.1, G c (\)( = 0. Thus 

Bc 1 (-C + \)B c 1 G c (\)C = 
and the proof is done. □ 
For any k > 0, j = 1,2, let 

-B : 7~L-k — > TL-(k + \) , 

-Be* : H-fe - ► ^-(fc+i) , 

be the closed bounded extensions of 

B : H\ C H^k — ► W-(fe+i) , 
Be '■ Hi C H-k — > 

and 

Cj : 7Yi C 7i_fc — > 7Y_(fe+i) , 
respectively. Define also 

and 

C^Gc : f) — > 7i_i , 
(7 2 G C := C 2 Gc(X) + AC' 2J B C 1 (-(C 1 + C 2 ) + A) J B C 1 G C (A) . 

Then 

Lemma 4.10. 

^eOo, ^o, C») = (^200 +i^o- GcCip, Citpo + Mo + C 2 G c Ci>, Ci>) ■ 
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Proof. Since 

BqCi = C\Bc , BcC 2 = C 2 Bc , 

and 

—A + C\C 2 = B C B C , 

one has 

C^a + - ^{-{d + C 2 ) + A) J B c 1 Gc7(A)^ 
=C7 2 O - C^i-iC, + C7 2 ) + A) J B c 1 G c (A)g 

+ V^o - (1 + CzB^i-iCi + C 2 ) + A) J B C 1 )G C (A)C^ 

- A5 c 1 (-(l7 1 + C 2 ) + X)B C 1 G C (\)^ 
=C 2 (j)o + - GcC^ 

and 

C^a + A0 A + Al7 2j B c 1 (-(C 1 + C 2 ) + A) J B c 1 G C7 (A)g 
=(7^0 - Ci(l - CaSc^Ci + C 2 ) J B c 1 )G c; (A)^ 

+ i0 o - AB^CCi + C 2 )Bc 1 G c (X)^ 

+ C 2 G c Cip — C 2 Gc(^)(ip 
=C 1 ^j - C 1 G C (\)^ - C 2 G c (X)Ci> + Mo + C 2 G C ^ 

(-A + l7 1 l7 2 ) j B c 1 (C 1 + C^B^GdXK^ 
=Cnl) Q + i0 o + C 2 G C Q . 

□ 

By Lemma 4.8 we can define the Hilbert space (He, ({'■>')) He) 
He := {(0, 4>) € V x W_! : = 0o + GcC^, 
^ = - CaGcC*, (0o, V>o, C*) e © f)} 
with scalar product 

(( (0, V"), (0. i>) »w e := (( (0o, ^o, C«), (0o, V^o, ))c,e , 
so that map 

U :H c ®i)e ^H @ , U (0 O , ifa, Q ■= (0o + G c (<p, - C 2 G c C<t>) 
is unitary. Thus in conclusion we have the following 

Theorem 4.11. Suppose H3.0, H3.1, H3.2, H4.1.1, H4.2.1 andH4.3.1 

hold true. Then the linear operator 

We : D(W e ) C He -> He , 
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D(W e ) :={(0,^)G^e : 0o = 0a + B c l (Ci + C 2 )B C 1 G C {X)Q , 
= ^ A + (1 - C^iCr + C 2 )B c l )G c {\)^ , 
(f) X eH 2 , tp\ G 7ii , g G fj , = r0 o } . 

^e(0,V) :=UW e U\<P^) = ((7200 + ^0,^0 + ^00), 
zs skew-adjoint. It coincides with 

W g :H 2 *H l <ZH c -> He 
W s (0,^) := (C- 2 + ^C^ + A0) 

on £/ie dense set 

n £>(W e ) = {0 G ft 2 : r0 = 0} x H x . 

5. EXAMPLES 

- Example 1. Let A be the negative and injective self-adjoint operator 
on Ho = L 2 (0, oo) corresponding to the second derivative operator with 
Dirichlet boundary contidions at zero, i.e. 

A : D(A ) C L 2 (0, oo) -> L 2 (0, oo) , A o := 0" , 

where ft 2 = D(A ) = # 2 (0, oo), 

# 2 (0, oo) := {0 G L 2 (0, oo) : 0" G L 2 (0, oo) , 0(0+) = 0} . 

Let Bq be the positive and injective self-adjoint operator defined by 
B := v /z A). We have H x = D(B ) = H Q \0, oo), where 

H \0, oo) := {0 G L 2 (0, oo) : 0' G L 2 (0, oo) , 0(0+) = 0} , 

with scalar product 

(01, 02)l := (01, 02) + (01, 02> • 

Here (•, •) denotes here the usual scalar product on L 2 (0, oo). 

Let us now consider 7i 1 = Hq(0,oo), the completion of Hq(0, oo) 
with respect to the scalar product 

One has 

^(0, oo) := | G [J L 2 (0, 6) : 0' G L 2 (0, oo) , 0(0+) = 1 , 
and then 

tf 2 (0, oo) := J G |J L 2 (0, b) : 0' , 0" G L 2 (0, oo) , 0(0+) = 1 . 

I 6>0 J 



SINGULAR PERTURBATIONS OF ABSTRACT WAVE EQUATIONS 31 

Moreover A Q acts on Hq(0, oo) as the second (distributional) derivative 
operator. The resolvent (— A + A 2 ) -1 has an integral kernel given by 

e -|A||x-j/| _ e -\X\(x+y) 

Q D (X; x, y) = -— • 

We consider now the negative and injective self-adjoint operator on 
0£ =1 L 2 (0, oo) defined by A := 0£ =1 A and the bounded linear map 

n 

r : H 2 (0, oo) -> C" , r(0 1 , . . . , n ) := (#(0 + ), . . . , &(0 + )) . 

k=l 

Obviously r (0 1 , . . . , n , £) := r(0i, . . . , n ) — ©C satisfies hypothesis 
H.3.0 for any positive and injective Hermitean 0. 

One has that 67(A) : C n -> 0£ =1 L 2 (0, oo) is represented by the 
vector in 0£ =1 L 2 (0, oo) given by 

g x (x u ...,x n ) := (e-l A ^,...,e-l A ^) , 

while G(X) : C n — > 0^ =1 IJq (0, oo) is represented by the vector in 
0Li^o(O,oo) given by 

Gx(x u ...,x n ) 

(poo poo 
J dx 1 g D (e;x 1 ,y 1 )Q x (yi),..., J dx n G D (e;x n ,y n ) Q\{y n ) 



|A| 2 |A| 2 
Therefore 

r e (A) = —XtG(x) - j © = ~ (|A| + o) . 

Note that, since £ A (0+) + 0, Ran(G(A)) n i?^(0,oo) = {0} and H.3.1 
is satisfied. 

Hypothesis H.3.2 is satisfied by taking V = \J b>0 L 2 ((0, b) n ) and 
G : C — > U&>o -^ 2 ((0> ^)") * s represented by the constant vector 

Q(xi, . . . , x n ) = [Q x + \ 2 Gx) (x ± , . . . , x n ) = (1, . . . , 1) . 

Defining 



\jL 2 (Q,b) : 0'GL 2 (O,oo)l , 

6>0 J 



H\Q,oo) := Y> G 

H\0, 00) := ^(0, 00) n L 2 (0, 00) , 
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and 

ff 2 (0, oo) := J G [J f 2 (0, 6) : 0' , <p" G f 2 (0, oo) I , 

I f»0 J 

ff 2 (0, oo) := ff 2 (0, oo) n f 2 (0, oo) , 

one has 

K l :=|$ = $ + C^, $ G 0^(0,00), ( $ € C n 

n 



fc=i 



; OO] 

fe=l 



f^ 2 :=|$ = $o + C^, $ o G0ff 2 (O,oo), C*eC r 
= 0F 2 (O,oo), 



fe=i 



fe=i 



and 



K 1 := X 1 n f 2 (0, oo) = ff^O, oo) 



fc=i fc=i 



iT 2 := f? 2 fl f 2 (0, oo) = ff 2 (0, oo) . 



fc=i fc=i 



One makes 0™ =1 (ff ^0, oo) © f 2 (0, oo)) a Hilbert space by the scalar 
product 

«($,¥),(*,*)» 
:= E + E (Mk)+ J2 ©fc^fc(0+)^(0+). 

l<fe<ri l<fc<n l<fe,j<n 

Here we put $ = (0i, . . . , 0„), \I/ = (ipi, . . . , ip n ) and we used the fact 
that = (0i(O + ),...,0 n (O + )). 

By Theorem 3.6 we define now skew-adjoint operators W@ corre- 
sponding to wave equations on star-like graphs: the operator 

n 

W e : D{W e ) -> (H \0, oo) © f 2 (0, oo)) , 
fc=i 
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D(W e ) := 

n 

$ e h 2 (0, oo) : <^(0+) + ^ &(°+) = 0, 1 < < r? 

fe=l l<j<n 

7( 



0^(0,00), 



fc=i 



is skew-adjoint and coincides with 

n n 

W : (tf 2 (0, oo) © ^(0, oo)) - (^(0, oo) © L 2 (0, oo)) , 

k=l k=X 

W(®, tt) := A$) = M>, j = (Vl, ■ ■ ■ , Vn, 01, •••,<) 
on the set 

0i? o 2 (O,oo): 0' fc (O+) = O, l<A;<nl© 0^(0,00). 
fe=i J fc=i 

Moreover, by Theorem 3.7, the linear operator 

L>(A e ) 

n 

$G0# 2 (O,oo) : 0' fe (O+)+ ^ 9^0,(0+) = 0, 1< k<n 

k=l l<j<n 
n n 

A @ : D(Aq) C L 2 (0, oo) - L 2 (0, oo) , := (0;', ...,<), 

fc=i fc=i 
is negative, injective self-adjoint, its resolvent has an integral kernel 
given by 

(-A e + A 2 ) _1 (xi, ...,x n ,y u ..., y n ) 
=g D (X;x 1 ,y 1 )---g D (X;x 1 ,y 1 )+ ^ (9 + |A|)^ e~^+^ . 

l<k,j<n 

The operator A® is of the class of Laplacian operators on star-like 
graphs (see e.g. || and references therein) and the positive quadratic 
form corresponding to —Aq is 



Q e : 0^(O,oo) C0L 2 (O,oo) 

k=l k=l 
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Qe($):= II&H2+ E ©^>*(0 + )^-(0 + ). 

l<fc<n l<k,j<n 

Let S be the injective selfadjoint operator on L 2 , the Hilbert space of 
square integrable functions on R 3 , given by B = ^—A. Then 7Yi coin- 
cides with the Sobolev space H 1 of L 2 function with L 2 distributional 
derivatives. Hi is nothing else that the usual Riesz potential space H l 
given by the set of tempered distributions with a Fourier transform 
(denoted by F) which is square integrable w.r.t. the measure with 
density \k\ 2 . The operator B is then defined by 

FB<j>{k) := \k\F(j)(k). 

The space H2 coincides with the space H 2 of distributions in H 1 with 
a Fourier transform which is square integrable w.r.t. the measure with 
density |A;| 2 (|/c| 2 + l). By Sobolev embedding theorems the elements of 
both H 1 and H 2 are ordinary functions. Indeed 

H 2 C H 1 C L 6 (R 3 ) , H 2 C C b (R 3 ) , 

the embeddings being continuous. The linear operator A := —BB acts 
on H 2 as the distributional Laplacean A, or equivalently 

FA(f) (k) := -\k\ 2 F(f)(k) . 

In the sequel (•, •) will denote the scalar product on L 2 . More generally, 
for any <p, if such that (f>ip is integrable, we will use the notation 



{<f>,(p) : = / dx (f>{x)(p{x) 
Jm. 3 



Moreover * will denote convolution. 

- Example 2. On the Hilbert space H 1 © L 2 with scalar product 

« (01,^0, (<hM)) ■= (V0 1 ,V0 2 ) + (^i,^) 

we consider the skew-adjoint operator 

W : H 2 © H 1 C H 1 © L 2 -> H 1 © L 2 , W((f>, ip) := (^, A0) . 
by Theorem 2.5 its resolvent is given by 

(W + A) _1 (0, V) = (& * (V> + A0), -0 + XGx * (V> + A0)) , 

where 

e -|Ax| 

4:71\X\ 

Given an injective and positive Hermitean n x n matrix 6 = (%), we 
consider the Hilbert space H 1 © L 2 © C n with scalar product 

(( (</>!, Vi, CO, (02, ^2, C2) »e := (V0x, V0 2 ) + (^iM + (60, C2) 
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where (•, •) denotes the scalar product on C n . 
Given Y = { yi ,...,y n } CR 3 , let 

r:if 2 -C n , (r0o)i := MVi) > l<*<n. 

Such a map satisfies H3.1 since t*( = C,i8 yv where 8 y denotes Dirac's 
mass at y. Here and below we use Einstein's summation convention: 
repeated indices mean summation. 

We define then the continuous linear map, which obviously satisfies 
H3.0, 

r e : H 2 © L 2 © C n -> C n , r e (0 o , V>, C)i := <M^) - %0 • 
Thus, according to the definitions (3.2) and (3.3) one obtains 

G e (A)(^,C)i = (G i x ,1> + A0) - \e i3 Q , 
where Q\{x) :=G\(x - y,), and 

Ge(A)C=(AC i ^*^,-CiSi,~c) • 
Therefore, putting (? := by (3.4), 

= -(A(^,^) + i%)0 

1 mi / i - e -\Kvi-vi)\ \ \ 

=-A(ii<< + ( (1 -^^^r +% )°)' 

i.e., defining 

/ I \ / e -\Kvi-Vi)\ \ 

&Y := ( (1 ~ %) i^ra) • M(A) := ( (1 " s " } sra) • 

r©(A) = -i + 0y + ^ - m(a)) . 

Since H3.2 is verified by taking V = L 2 oc , we put, defining ^ l (x) : = 
G(x - Vi), 

K 1 := {0 e L 2 oc : = O + QG' , 0o G ^ , C^C"} , 
K 2 :={0GLL : = o + c;^, o e# 2 , OeC} , 
if 1 := K l n L 2 , 
and making © L 2 a Hilbert space by the scalar product 

(( (<f>,*l>), (W) ))i?ieL2 

:=(V0o,V0o) + (^,^) + (0a,Q), 
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by Theorem 3.6 the operator 

D(W e ) := {0 G K 2 : %(j = MVi)} © ^ , 

We : £>(W ) C © L 2 -> i? 1 © L 2 , 

W (0,V) := (V, A0o) = A0 + Cjy 
is skew-adjoint and coincides with W on the set 

{0 G H 2 : 0( 2 /) = O, Z /GF}©i/ 1 . 

In the case K = {0} this operator coincides with the one constructed 
in By Theorem 3.7, the positive quadratic form 

Qe : K x -M, Q e (0) := ||V0 O ||| 2 + ll© 1 ^!^ 

is closed and the corresponding self-adjoint operator — A e is defined 
by 

D(A e ) = {0 G K 2 n L 2 : 6^ = MVi)} - 
A @( f) := A0 O . 

It coincides with A on the set {0 G i? 2 : <fi(y) = , y G V}. Its resol- 
vent is given by 

(-A + A 2 )- V = & * i> + (& + ©y + ^ - M(A)") (G{, G{ . 



47T 

This operator is of the class of point perturbation of the Laplacian (see 
PQ and references therein). 

- Example 3. Given v G K 3 , \v\ < 1, we consider the skew-adjoint 
operator 

W v : H 2 x H 1 C H v ^ H v , 
W v {(f>, V, z) := {L v <j> + V, L V *P + A(f>) , 
where L v := v ■ V and fP = if 1 x L 2 with scalar product 
(( (0 1; ^i), (0 2 , fa) )) v := (V0i, V0 2 ) + (L,0 1 , fa)+(fa, L v fa)+(fa, ^a> • 

Hypotheses H4.1.1 and H4.1.2 are satisfied with C\ = Ci — L v and, by 
Theorem 4.2, with C = 2L V and B = (-A + L 2 ), the resolvent of W v 
is given by 

(W v + A)- 1 ^, 4) = {Gl * (^ + (-L v + A)0), 
-0 + (-L v + \)G V X * (ip + (~L V + A)0)) , 

where 

FGl{k) ' 1 



(2tt) 3 / 2 |A;| 2 + (iv A; + A) 2 ' 
Let 

r:H 2 ^C, r0 o :=0o(O). 
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By Example 2 we know that such a map satisfies H3.1. For any real 
6 > 0, define now the linear map, which obviously satisfies H3.0, 

? e ■ D(f) xI 2 xCCF e ©C^C, f e (<f), ip, C) := f<j> - 6( , 

where, denoting by ((f)) r the average of <f> over the sphere of radius R, 

D(f) := < (f) E H 1 : lim (<p) R exists and is finite > , f<p := lim (4>)r ■ 

\ RIO J R{0 

Since, by Fourier transform, 

, , 1 f „ sini?|A;| „ , 

with reference to the notations of Section 4, we are taking here the 
regularizing family 

Thus H 2 C D(f) and f(f> = 0(0) for any G H 2 . Then one obtains, by 
(4.2) and (4.4), 

& e (\M i>, C) = (Gl ^ + {-l v + A)0) - e\-\ 

and 

G v e {\)C = C((-l v + A) g° * ^, - -A- 1 ) , 

where 

:= <ft(s) = - / . 

47rA/|a;| z — \v A x| 2 

Regarding hypothesis H4.3.1 one has 

rL v g v * Q\ 

sin R\k\ 1 —if • k 



2tt) 3 



(2tt) 3 Rio 7 R3 |A;| 2 - (y ■ k) 2 \k\ 2 + (iv k + A) 2 

1 ,. f°° , sin^r r d# sin# -ilulr cos0 
lim / (It / 

(2n) 2 RloJ ' Rr J 1 - (\v\ cos9) 2 r 2 + (i\v\rcos9 + Xf 

ds irs 



1 ,. f°° , sin i?r p d.- 
— — — lim / dr / 

r)>| Rio J Rr J_ M 1 - 



2 



(27r) 2 |v| Rio J Rr 1 - s 2 r 2 + (—irs + A) 

1 ,. Z" 00 , siniZr /"I"! rfs -2Ar 2 s 2 
lim / dr 



(2n) 2 \v\ Rio J Rr J_ ]v{ 1 - s 2 ((1 - s 2 )r 2 + A 2 ) 2 + 4AW 

4A Z" 00 , /-H , s 2 r 2 
ar / ds 



(2tt) 2 M 7 7 1 - s 2 ((1 - s 2 )r 2 + A 2 ) 2 + 4AW ' 
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and 



1 



dk ■ 



(2tt) 3 J rS \k\ 2 - (v ■ k) 2 \k\ 2 + (ivk + \y 
dOsmO 1 



dr 



(2tt) 2 J J 1-(\v\cos6) 2 r 2 + (i\v\r cos 9 + \y 
"H ds 1 



dr 



2 



(27r)>| J J_ H 1 - s 2 r 2 + (-irs + A) 

H rfs (1 - s 2 )r 2 + A 2 



2 r° yi"! d.- 
^FHio Jo ~ 



(2ir) 2 \v\ J J I- s 2 ((1 - s 2 )r 2 + A 2 ) 2 + 4AW 
Thus H4.3.1 holds true and 
11(A) := -feGl{\) 

' 6 2A f°° , f M ds (1 + s 2 )r 2 + A 2 



A (2tt) 2 M 7 Jo 1 - s 2 ((1 - s 2 )r 2 + X 2 ) 2 + A\ 2 r 2 s 2 
* , A / ,M _d£_ r rfr (1 + sV + A 2 



A (2tt) 2 |^| 7 1-s 2 7^ ((l-s 2 )r 2 + A 2 ) 2 + 4A 2 r 2 s 

1 ( i + W /'V 2 - 2 



2 



A I 8tt|^| y (1 - s 2 ) 



A \ 167r \1 — |f | 2 2 |t>| 1 — \v\ 
Note that 

hm r?(A) = ~ (V^ 

in accordance with the previous example when Y = {0}. 

Since H3.2 is verified by taking V = L 2 oc , defining the Hilbert space 

HI := {(0, V) e x iJ- 1 : = o + 

V = - (0o, ^o, C<^) e iT © C} 

with scalar product 

«(<M),(W)»fl? := (V0 o ,V0o) + (^0o,^o) 

+ (^O,^0 O ) + (^O,V'o)+^gC0, 

by Theorem 4.11 the operator 
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D{W v e ) : = {(0, V) e HI : O = 0a + 2^L V Q V * Q\ , 
rk = il>x + Ci,(G v x -2L 2 v g»*gi), 

A etf 2 , ip x eH\ QeC, e^ = f<h}- 

W%{4>, ij) := (L v (f) + ^o, L^q + A0 O ) 

= (L v (j> + ip, L v %p + A0 + (^o) , 

is skew-adjoint. It coincides with W v on the dense set 

{0 G # 2 : 0(0) = 0} x if 1 . 

- A digression on the classical electrodynamics of a point particle. Let 
us begin with a discussion at the euristic level ignoring the singular 
behaviour due to the self-energy of the point particle. 

In the Coulomb gauge the Maxwell-Lorentz system, i.e the non- 
linear infinite dimensional dynamical system describing a (relativis- 
ts) charged point particle interacting with the self-generated radiation 
field, is given by the equations 

A = E 

E = AA + 4neMv6 q 
q — v 

p = e VA(g) • v , 



where 



i a \ P-eA(g) 
v = v{A,q,p) 



\J\p- e A(g)| 2 + m 2 



or, equivalently, 



mv 

p=p(A,q,v) = A . = + eA(q) . 



\v 



Here we put c = 1, where c denotes the velocity of light, e denotes 
the electric charge, M is the projection onto the divergenceless vec- 
tor fields, A = (A\, A 2 , A 3 ), divA = 0, is the vector potential of the 
electromagnetic field, q, v, \v\ < 1, and p denote the particle position, 
velocity and momentum respectively. Since the total (particle + field) 
momentum 



n:=p--L(E,VA>, (E,VA):=^/ dxE^VAji 



x), 
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is conserved, the above dynamical system can be reduced. Indeed, by 
defining the fields 

<D(ar) := A(x + q) , V(x) := E(x + q) , 

the Maxwell-Lorentz system can be re-written as 

4> = v . \70 + v|/ 

\j/ = v ■ VV + A0 + 4vre M v5 
g = -y 

ri = o, 



where now 



equivalently 



and 



i \ p-eO(O) 
u(<D,v|/):^- 



yj\p-e<t> 



m 2 



-e<D(0) + p, 



2 



p = p(0,v|/) := n + i-(M/,VcD) 



Thus we have that, at any fixed total momentum l~l, we can solve the 
equations for the fields and v|/ alone, and then recover the particle 
dynamics by q = v(<S>, v|/). 

Due to the singularity produced by the Dirac mass 5 q , the above 
reasoning is definitively not rigorous since A is singular at the particle 
position q (equivalently is singular at the origin). However Example 
3 suggests the definition of a well-defined nonlinear operator candidate 
to describe, in a rigorous way, the classical electrodynamics of a point 
particle. 

Let us define the infinite dimensional manifold 

.M:={(0,V|/) :0 = o + e M^, = l|/ - e M vv ■ V<T , 

(0 o ,M/ o ,t;)G^ 1 x^xM 3 , M<1}, 

where the subscript * means "divergenceless" , H 1 and L 2 are defined 
as in Example 3 but now refer to M 3 -valued vector fields, and 

1 



Q v {x) :-- 



Note that 
satisfies 



a/|x| 2 — \v A x\ 2 
A v LW (t,x) :=eMvG v (x-vt) 
DA V LW = 4ireMv5 q , q(t) = vt , 
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i.e. A V LW is the Lienard-Wiechert potential corresponding to a particle 
with constant velocity v. 

We identify T^^AA, the tangent space of M at 

(<D,\|/) = (<t> + eMvG v ,W -eMvvVg v ), 

with the Hilbert space 

U v := {(0, vj/) ; = Qo + eMvCT, V = V Q -eMvvVG v , 

~{(0,vj/) : 4) = A + eM^, vj> = vj/ A - e Mvv ■ VG V X , 
(4> x ,y x ,v)eHlxLlxR*}. 
Then we define the nonlinear vector field 

X e : D(W e ) CM^TM, X e (0, V|/) := ((0, V|/), W e (0, \|/)) 

by 

D(W e ) :={(0,\|/) G.M : <t> = <t>x + 2eMwvVg v *gZ, 
v|/ = v|/ A + eMw(Gl - 2(v ■ V) V * G v x ) , 

p - e (0 O ) 



v = V ($,V|/) 



y / |p-e(0 o )| 2 + m 2 



Here 



p=p(0,v|/) ; = n + i-(M/ o ,V0o)}, 

Vy e (0, v|/) := ( v • V0 O + v|/ , u • VV + A0 O ) 
=(u • V0 + W,v • VUf + A0 + 47re Mv<5 ) . 

FQKk), 41 



(2tt) 3 / 2 |A;| 2 + (iu- k + Xf ' 
(0) :=hm(0)«, 

with (0)_r denoting the average of over the sphere of radius R, and 
A is an arbitrary positive parameter. We remark that, as it should 
be clear from the general results given in the previous sections, the 
parameter A has simply the role of allowing a convenient decomposition 
(into "regular" and "singular" components) of the elements in D(W e ), 
but plays no role in the definition of the action of W e , which indeed is 
A-independent. 

It is not difficult to check, by a direct computation, that 



42 



ANDREA POSILICANO 



so that X e is a vector field on Ai in the differential geometric sense as 
stated above. 

Note that W e coincides with the linear operator Wq corresponding 
to the free wave equation on the dense set |<t> G H% : 0(0) = 0} x Hi, 
so that W e is a nonlinear singular perturbation of the skew-adjoint W . 

Once the vector field X e is defined, the first question to be posed 
is: does X e generate a nonlinear flow F e (t) ? At the present we have 
no definitive answer to this question. The results obtained in the lin- 
ear case (see [TU]) suggest to try to write the presumed solution as 

F e (t)((<D(0),V(0))) = (<K*), = where v = <t) is a 

pre-assigned time-dependent vector and (<& v (t), W v {t)) is the solution 
of the linear inhomogeneous, time-dependent, wave equation 

<b„(*) = v(t) ■ V<t> v (t) + V v (t) 

ty v (t) = v(t) ■ W v (t) + A<D„(t) + 47reMv(t) 5 

with initial data (0(0), ^(0)) G D(W e ), and then looking for the right 
differential equation to be satisfied by v(t) in order that the fields <S> v (t) 
and W v (t) belong to D(W e ) for any t (and hence fit the correct nonlinear 
boundary conditions). 

6. Appendix: Skew-adjoint extensions of skew-symmetric 

operators 

Let 

w : d(w) cn^n 

be a skew-adjoint operator on the Hilbert space TC with scalar product 
(•, •) and corresponding norm || • ||. The linear subspace D(W) inherits 
a Banach space structure by introducing the graph norm 

II* := M 2 +||W^|| 2 . 

Thus, for any A G R, A ^ 0, (-W + A)" 1 G B(H, D(W)). 
We consider now a linear operator 

L:D(L) CH^t), 

f) a Hilbert space, such that: 
A.l) 

D(W)QD(L) and L := L lD(w) e B(D(W),t)) ; 

A.2) 

Ran(Lo) = f) ; 

A.3) 

Ker(Lo) = H. 
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By A. 3 Wo '■= W\Ker(L ) is a closed densely denned skew-symmetric 
operator. We want now to define a skew-adjoint extension W 7^ W of 
Wq. It will be a singular perturbation of W since it will differ from W 
only on the complement of the dense set Ker(Lo). 

We define, for any A G JR., A 7^ 0, the following bounded operators: 

G(A) := L{-W + A)" 1 : U -> fj , G(A) := -G(-A)* : f) -»• H . 

By the first resolvent identity one easily obtains the following (see [TT] . 
Lemma 2.1) 

Lemma 6.1. For any A 7^ and fi 7^ one /ias 

(A - /i) G(fi)(-W + A) -1 = C7(/i)-G(A) 

(\-fj)(-W + fi)- 1 G(X) = G(fi)-G(X). 

By ^H], Lemma 2.1, and A. 2 one has that A. 3 is equivalent to 
A.3) 

Ran(G(A)) n D(W) = {0} . 

We further suppose that 
A.4) 

Ran(C7(A)) C D(L) and LG{\) G B(fj) . 
Thus we can define T(A) G B(f)) by 

T(A) := -LG{\) 

and we suppose that 
A.5) 

r(A)* = -r(-A). 

By lemma 6.1 one has 

(6.1) T(A) - r(/x) = -L (G(X) - G(ji)) = (A - fi) G^)G(X) 

and thus, by A.5 and [TT], Proposition 2.1, the operator T(A) is bound- 
edly invertible for any real A 7^ 0. 

Theorem 6.2. For any real A 7^ 0, under the hypotheses A.1-A.5, the 

bounded linear operator 

(-iy + A)- 1 + G(A)r(A)- 1 G'(A) 
is a resolvent of a skew-adjoint operator W such that 

{0 G D(W) n D(W) : W(f) = W(f)} = Ker(Lo) . 
It is defined by 

D(W) := { <P G H : <P = <Px + G(A)r(A)-% 0a, <Px G D(W) } , 

(-iy + A)0:= (-iy + A)0 A . 
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Such a definition is X-independent and the decomposition of <f> entering 
in the definition of the domain is unique. 

Proof. By (6.1) R{X) := (-W + A)- 1 + G(A)r(A)- 1 G(A) satisfies the 
resolvent identity (A — //) R(n)R(X) = R(fi) — R(X) (see |TT| . page 115, 
for the explicit computation) and, by A. 5, R(X)* = —R(—X). Moreover, 
by A. 3, -R(A) is injective. Thus W := — ^(A)^ 1 + A is well-defined on 
D(W) := Ran(i?(A)), is A-independent and is skew-symmetric. It is 
skew-adjoint since Ran(Vy ± A) = 7i by construction. □ 
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